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NK Model is often analyzed in LQ—Linear-Quadratic—
framework.

• Easier to interpret.

• Easier to solve.



Technical takeaways from this lecture:

• Learn how to take the first-order approximation to the 
equilibrium conditions.

• Learn how to take the second-order approximation to 
the household's welfare.



Substantive takeaways from this lecture (I):

• Output today depends on the expected sum of future 
real  interest rates.

• Inflation today depends on the expected discounted sum 
of future marginal costs.



Substantive takeaways from this lecture (II):

• Welfare today depends on the expected discounted sum 
of future per-period utility where…

➢Per-period utility depends on inflation and output volatility.

➢Per-period utility also depends on the level of output if 
steady state is not efficient (if tau is not 1/(theta-1)).



Plan

(1) Log-linear Approximation of the Equilibrium 
Conditions

(2) Quadratic Approximation of the Household’s 
Welfare
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Math Background



Log-linearization =

First-order Taylor expansion

+

Log-approximation of deviation



First-order Taylor expansion: 

Let f x be a continuous and differentiable function of x. 
Then, 

f x ≈ f x0 +
𝜕f

𝜕x
x0 x − x0 + higher order terms

Let fx denote 
𝜕f

𝜕x
.



Example: 

f x = x3

fx = 3x2

Let’s take the first-order Taylor expansion around x0 = 1.

f x ≈ f 1 + fx 1 x − 1 + h. o. t.
= 13 + 3 ∗ 12 x − 1 + (h. o. t. )

= 1 + 3 x − 1 + h. o. t.
= −2 + 3x + (h. o. t. )





Log-approximation of percent deviation: 

x − x0

x0
≈ log x − log x0

Example:

x − 10

10
≈ log x − log 10





First-order Taylor expansion + Log-approximation of percent 
changes: 

f x ≈ f x0 + fx x0 x − x0 + h. o. t.

= f x0 + fx x0 x0

x − x0

x0
+ h. o. t.

≈ f x0 + fx x0 x0 log x − log x0 + h. o. t.

≈ f x0 + fx x0 x0 ොx + h. o. t.

where ොx: = log x − log x0 .



To summarize

Log-linearization: 

f x ≈ f x0 + fx x0 x0 ොx + h. o. t.

where ොx: = log x − log x0 .



Second-order Taylor expansion: 

Let f x be a continuous and differentiable function of x. 
Then, 

f x ≈ f x0 +
𝜕f

𝜕x
x0 x − x0 +

1

2

𝜕2f

𝜕x2 x0 x − x0
2

+ h. o. t.

Let fx and fx𝑥 denote 
𝜕f

𝜕x
and

𝜕2f

𝜕x2, respectively. 



Example: 

f x = x3

fx = 3x2

fxx = 6x

Let’s take the second-order Taylor expansion around x0 = 1.

f x ≈ f 1 + fx 1 x − 1 + fxx 1 x − 1 2 + h. o. t.
= 13 + 3 ∗ 12 x − 1 + 6 ∗ 13 x − 1 2 + (h. o. t. )

= 1 + 3 x − 1 + 6 x − 1 2 + (h. o. t. )





Combined with log-approximation of percent changes…

f x ≈ f x0 + fx x0 x0 ොx + fxx x0 x0
2 ොx2 + h. o. t.

where ොx: = log x − log x0 .



Word of caution on Taylor expansion.

They are good “local” approximation, but may not be good 
globally.







End of Math Background



Recall:

Ct
−χc = βδtRtCt+1

−χcΠt+1
−1

wt = Nt
χnCt

χc

Yt

Ct
χc φ Πt − 1 Πt − 1 + τ 1 − θ − θwt

= βδt
Yt+1

Ct+1
χc φ Πt+1 − 1 Πt+1

Yt = Ct +
φ

2
Πt − 1 2Yt

Yt = Nt

Rt = max
1

β
Πt

Φπ , 1

Ut =
Ct

1−χc

1−χc
−

Nt
1+χn

1+χn



Loglinearize the consumption Euler equation around the 
zero-inflation steady state:

Ct
−χcRt

−1 = βδtCt+1
−χcΠt+1

−1

LHS = f Ct, Rt

RHS = g δt, Ct+1, Πt+1



fC = −χcCt
−χc−1

Rt
−1

fR = −Ct
−χcRt

−2

gδ = βCt+1
−χcΠt+1

−1

gC = −χcβCt+1
−χc−1

Πt+1
−1

gΠ = −βCt+1
−χcΠt+1

−2

Notation: hx ≔
𝜕h

𝜕x
for any functionh and for any variable x.



LHS ≈ f Css, Rss + fC,ssCss
෠Ct + fR,ssRss

෡Rt

= f Css, Rss + f Css, Rss −χc
෠Ct + f Css, Rss −෡Rt

RHS ≈ g δss, Css, Πss + gδ,ssδss
෡δt + gC,ssCss

෠Ct+1 + gΠ,ssΠss
෡Πt+1

= g δss, Css, Πss + g δss, Css, Πss
෡δt

+g δss, Css, Πss −χc
෠Ct+1 + g δss, Css, Πss −෡Πt+1

Using f Css, Rss = g δss, Css, Πss and rearranging terms,

෠Ct = ෠Ct+1 −
1

χc

෢Rt − ෡Πt+1 + ෡δt



Loglinearize the intratemporal optimality condition around the
zero-inflation steady state:

wt = Nt
χnCt

χc

LHS = f wt

RHS = g Ct, Nt

fw = 1

gC = χcNt
χnCt

χc−1

gN = χnNt
χn−1

Ct
χc



LHS ≈ f wss + fw,sswss ෝwt

= f wss + f wss ෝwt

RHS ≈ g Css, Nss + gC,ssCss
෡Ct + gN,ssNss

෡Nt

= g Css, Nss + g Css, Nss χc
෡Ct + g Css, Nss χN

෡Nt

Using f wss = g Css, Nss and rearranging terms,

ෝwt = χc
෡Ct + χn

෡Nt



Loglinearize the optimality condition of intermediate-goods
producers around the zero-inflation steady state:

YtCt
−χc φ Πt − 1 Πt − 1 − θ 1 + τ − θwt

= βYt+1Ct+1
−χcφ Πt+1 − 1 Πt+1

LHS = f Yt, Ct, Πt, wt

RHS = g Yt+1, Ct+1, Πt+1



fY = Ct
−χc φ Πt − 1 Πt − 1 − θ 1 + τ − θwt

fC = −χcYtCt
−χc−1

φ Πt − 1 Πt − 1 − θ 1 + τ − θwt

fΠ = YtCt
−χcφ 2Πt − 1

fw = −YtCt
−χcθ

gY = βCt+1
−χcφ Πt+1 − 1 Πt+1

gC = −χcβYt+1Ct+1
−χc−1

φ Πt+1 − 1 Πt+1

gΠ = βYt+1Ct+1
−χcφ 2Πt+1 − 1



Note that Πss = 1 and wss =
(θ−1)(1+τ)

θ
. Thus,

fY,ss = 0
fC,ss = 0
fΠ,ss = YssCss

−χcφ
fw,ss = −YssCss

−χcθ

gY,ss = 0
gC,ss = 0
gΠ,ss = βYssCss

−χcφ



LHS ≈ f Yss, Css, Πss, wss + fΠ,ssΠss
෡Πt + fw,sswss ෝwt

= f Yss, Css, Πss, wss + YssCss
−χcφΠss

෡Πt − YssCss
−χcθwss ෝwt

RHS ≈ g Yss, Css, Πss + gΠ,ssΠss
෡Πt+1

= g Yss, Css, Πss + βYssCss
−χcφΠss

෡Πt+1

Using f Yss, Css, Πss, wss = g Yss, Css, Πss , Πss = 1, wss =
θ−1 1+τ

θ

and rearranging terms,

YssCss
−χcφΠss

෡Πt − YssCss
−χcθwss ෞwt = YssCss

−χcφΠss
෡Πt+1

⇔ φ෡Πt − θ
θ−1 1+τ

θ
ෞwt = βφ෡Πt+1

⇔ ෡Πt =
θ−1 1+τ

φ
ෞwt + β෡Πt+1



Loglinearize the aggregate production function around the zero-
inflation steady state:

Yt = Nt

LHS = f Yt

RHS = g Nt

fY = 1

gN = 1



LHS ≈ f Yss + fY,ssYss
෡Yt

= f Yss + f Yss
෡Yt

RHS ≈ g Nss + gN,ssNss
෡Nt

= g Nss + g Nss
෡Nt

Using f Yss = g Nss , we get

෡Yt = ෡Nt



Loglinearize the aggregate resource constraint around the zero-
inflation steady state:

Yt = Ct +
φ

2
Πt − 1 2Yt

LHS = f Yt

RHS = g Ct, Yt, Πt

fY = 1, gC = 1

gY =
φ

2
Πt − 1 2

gΠ = φ Πt − 1 Yt

Note that gY,ss = gΠ,ss = 0 because Πss = 1.



LHS ≈ f Yss + fY,ssYss
෡Yt

= f Yss + Yss
෡Yt

RHS ≈ g Css, Yss, Πss + gC,ssCss
෠Ct

= g Css, Yss, Πss + Css
෠Ct

Note f(Yss) = g(Css, Yss, Πss). Also, Yss = Css because Πss = 1. We obtain

෡Yt = ෠Ct



Loglinearize the Taylor rule around the zero-inflation steady state:

Rt = max 1,
1

β
Πt

ϕ

LHS = f Rt

RHS = g Πt

fR = 1

gΠ = ϕ
1

β
Πt

ϕ−1



LHS ≈ f Rss + fR,ssRss
෡Rt

= f Rss + 1 ∗ Rss
෡Rt

= f Rss + f Rss
෡Rt

RHS ≈ g Πss + gΠ,ssΠss
෡Πt

= g Πss + ϕ
1

β
ΠSS

ϕ−1
Πss

෡Πt

= g Πss + ϕ
1

β
ΠSS

ϕ ෡Πt

= g Πss + g Πss ϕ෡Πt

෡Rt = max 1 −
1

β
, ϕ෡Πt



So far, we have

෠Ct = ෠Ct+1 −
1

χc

෡Rt − ෡Πt+1 + ෠δt

ෝwt = χc
෠Ct + χn

෡Nt

෡Πt =
θ − 1 1 + τ

φ
ෝwt + β෡Πt+1

෡Yt = ෡Nt

෡Yt = ෠Ct

෡Rt = max 1 −
1

β
, ϕ෡Πt



Eliminating ෝwt, ෡Nt, and ෠Ct, we obtain

෡Yt = ෡Yt+1 −
1

χc

෡Rt − ෡Πt+1 + ෠δt [“IS Curve”]

෡Πt =
θ−1 1+τ

φ
(χc + χn)෡Yt+β෡Πt+1 [“Phillips Curve”]

෡Rt = max 1 −
1

β
, ϕ෡Πt

෡Rt + r∗ = max r∗ + 1 −
1

β
, r∗ + ϕ෡Πt

it = max
1

β
− 1 + 1 −

1

β
, r∗ + ϕ෡Πt

it = max 0, r∗ + ϕ෡Πt



Change of notation: Using

yt ≔ ෡Yt, πt ≔ ෡Πt, it ≔ ෡Rt + r∗

r∗ ≔
1

β
− 1, σ ≔

1

χc
, κ ≔

θ−1 1+τ

φ
χc + χn

we obtain

yt = yt+1 − σ it − πt+1 − r∗

πt = κyt + βπt+1

it = max 0, r∗ + ϕπt



Implications of the IS curve and the 
Phillips curve



1. Output today depends on the sum of future real rates.

yt = yt+1 − σ it − πt+1 − r∗

= yt+2 − σ it+1 − πt+2 − r∗ − σ it − πt+1 − r∗

= yt+3 − σ it+2 − πt+3 − r∗ − σ it+1 − πt+2 − r∗ −

σ it − πt+1 − r∗

. . .
= −σ σk=0

∞ it+k − πt+k+1 − r∗

…using y∞ = yss = 0



2. Inflation today depends on the sum of output (which is 
proportional to real wage---the marginal cost).

πt = κyt + βπt+1

= κyt + β κyt+1 + βπt+2

= κyt + βκyt+1 + β2 κyt+2 + βπt+3

= κyt + βκyt+1 + β2κyt+2 + ⋯
= ⋯

= κ σk=0
∞ βk yt+k

…using π∞ = πss = 0
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Take the second-order expansion of the household utility 
around the zero-inflation steady state.

U Ct, Nt ≈ Uss + UC,ssCss
෠Ct + UN,ssNss

෡Nt

+
1

2
UCC,ssCss

2 ෠Ct
2 +

1

2
UCN,ssCssNss

෠Ct
෡Nt

+
1

2
UNC,ssNssCss

෡Nt
෠Ct +

1

2
UNN,ssNss

2 ෡Nt
2



Useful stuff (I):

UC,ss = Ct
−χc , UN,ss = −Nt

χn , UCC,ss = −χcCt
−χc−1

,

UCN,ss = 0, UNC,ss = 0, UNN,ss = −χnNt
χn−1

UCC,ss

UC,ss
=

−χcCss
−χc−1

Css
−χc

= −χcCss
−1

UNN,ss

UN,ss
=

−χnNt
χn−1

−Nt
χn

= χnNss
−1



Useful stuff (II): Second-order  approximation of the aggregate resource 
constraint.

Nt = Ct +
φ

2
Πt − 1 2Nt

LHS = f Nt
RHS = g Ct, Nt, Πt

fN = 1, fNN = 0
gC = 1, gN =

φ

2
Πt − 1 2, gΠ = φ Πt − 1 Nt

gCC = 0, gCN = 0, gCΠ = 0
gNC = 0, gNN = 0, gNΠ = φ Πt − 1
gΠC = 0, gΠN = φ Πt − 1 , gΠΠ = φNt

For 𝑔, at the steady state, the only non-zero coefficient is gC = 1 and gΠΠ =
φNss (because Πss = 1).



LHS ≈ fss + fN,ssNss
෢Nt +

fN,ss

2
Nss

2 ෡Nt
2

= fss + Nss
෢Nt

RHS ≈ gss + gC,ssCss
෡Ct + gN,ssNss

෢Nt + gΠ,ssΠss
෡Πt

+
1

2
[gCC,ssCss

2 ෠Ct
2 + gCN,ssCssNss

෡Ct
෢Nt + gCΠ,ssΠss

2 ෡Πt
2

+gNC,ssNssCss
෢Nt

෡Ct + gNN,ssNss
2 ෡Nt

2 + gNΠ,ssNssΠss
෢Nt

෢Πt

+gΠC,ssΠssCss
෢Πt

෡Ct + gΠN,ssΠssNss
෢Πt

෢Nt

+gΠΠ,ssΠss
2 ෡Πt

2]

= gss + gC,ssCss
෡Ct +

1

2
gΠΠ,ssΠss

2 ෡Πt
2

= gss + Css
෡Ct +

φ

2
Nss

෡Πt
2

⇒ ෢Nt = ෡Ct +
φ

2
෡Πt

2



Ut − Uss ≈ UC,ssCss
෡Ct + UN,ssNss

෢Nt +
1

2
UCC,ssCss

2 ෠Ct
2 +

1

2
UNN,ssNss

2 ෡Nt
2

= UC,ssCss
෡Ct +

1

2

UCC,ssCss
2

UC,ssCss

෠Ct
2 +UN,ssNss

෢Nt +
1

2

UNN,ssNss
2

UN,ssNss

෡Nt
2

= UC,ssCss
෡Ct −

1

2
χc

෠Ct
2 +UN,ssNss

෢Nt +
1

2
χn

෡Nt
2



Ut−Uss

UC,ssCss
≈ ෡Ct −

χc

2
෠Ct

2 +
UN,ssNss

UC,ssCss

෢Nt +
χn

2
෡Nt

2

= ෡Ct −
χc

2
෠Ct

2 − wss
෢Nt +

χn

2
෡Nt

2

= ෡Ct −
χc

2
෠Ct

2 −
θ−1 1+τ

θ
෢Nt +

χn

2
෡Nt

2

= ෡Ct −
χc

2
෠Ct

2

−
θ−1 1+τ

θ
෡Ct +

φ

2
෡Πt

2 +
χn

2
෡Ct +

φ

2
෡Πt

2
2



≈ ෡Ct −
χc

2
෠Ct

2 −
θ−1 1+τ

θ
෡Ct +

φ

2
෡Πt

2 +
χn

2
෠Ct

2

=
θ− θ−1 1+τ

θ
෡Ct

−
χc

2
+

θ−1 1+τ

θ

χn

2
෠Ct

2 −
θ−1 1+τ

θ

φ

2
෡Πt

2

∝
θ− θ−1 1+τ

φ θ−1 1+τ
෡Ct −

1

2
෡Πt

2 +
θχc+ θ−1 1+τ χn

φ θ−1 1+τ
෠Ct

2

= −
1

2
෡Πt

2 +
χc+χn

φ
෠Ct

2 (if τ =
1

θ−1
)



Change of notation: Using

yt ≔ ෡Yt, πt ≔ ෡Πt, it ≔ ෡Rt + r∗

r∗ ≔
1

β
− 1, σ ≔

1

χc
, κ ≔

θ−1

φ
χc + χn

we obtain

Ut−Uss

UC,ssCss

∝
θ− θ−1 1+τ

φ θ−1 1+τ
yt −

1

2
πt

2 +
θχc+ θ−1 1+τ χn

φ θ−1 1+τ
yt

2

= −
1

2
πt

2 +
χc+χn

φ
yt

2 (if τ =
1

θ−1
)



u πt, yt ≔ λyyt −
1

2
πt

2 + λyt
2

where

λy ≔
θ − (θ − 1) 1 + τ

φ(θ − 1) 1 + τ

λ: =
θχc + θ − 1 1 + τ χn

φ(θ − 1) 1 + τ

Note that, if τ =
1

θ−1
, 

λy ≔ 0

λ: =
χc + χn

φ
56



u πt, yt ≔ λyyt −
1

2
πt

2 + λyt
2

= −
1

2
πt

2 + λyt
2 − 2λyyt

= −
1

2
πt

2 + λyt
2 − 2λyyt + λ

λy

λ

2

− λ
λy

λ

2

= −
1

2
πt

2 + λyt
2 − 2λ

λy

λ
yt + λ

λy

λ

2

− λ
λy

λ

2

= −
1

2
πt

2 + λ yt −
λy

λ

2

− λ
λy

λ

2

= −
1

2
πt

2 + λ yt −
λy

λ

2

+
λ

2

λy

λ

2

= −
1

2
πt

2 + λ yt − y∗ 2 + (𝐭. 𝐢. 𝐩. )

t.i.p. stands for “terms independent of policy.” 57



With some abuse of notation, I will use “u” to denote the part of 
the utility flow that is independent of policy going forward. That 
is,

u πt, yt ≔ −
1

2
πt

2 + λ yt − y∗ 2

where

y∗ ≔
λy

λ

58



If τ <
1

θ−1
, we can show that 

y∗ > 0

• Thus, if yt = 0, the output is too low relative to the first best.

If τ >
1

θ−1
, we can show that 

y∗ < 0

• Thus, if yt = 0, the output is too high relative to the first best.

These implications are consistent with the steady-state analysis in the 
nonlinear model. 

59
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*From Slides_NK_SteadyStates.

Fig. Standard Steady States with respect to τ,
where β, θ, χc, χn = 0.995,11,1,1
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