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NK Model is often analyzed in LO—Linear-Quadratic—

framework.

 Easier to interpret.
» Easier to solve.



Technical takeaways from this lecture:

* Learn how to take the first-order approximation to the
equilibrium conditions.

« Learn how to take the second-order approximation to
the household's weltfare.



Substantive takeaways from this lecture (I):

« Output today depends on the expected sum of future
real interest rates.

e Inflation today depends on the expected discounted sum
of future marginal costs.



Substantive takeaways from this lecture (II):

« Weltare today depends on the expected discounted sum
of future per-period utility where:--

»Per-period utility depends on inflation and output volatility.

»Per-period utility also depends on the level of output if
steady state is not efficient (if tau is not 1/(theta-1)).



Plan

(1) Log-linear Approximation of the Equilibrium
Conditions

(2) Quadratic Approximation of the Household’s
Weltare
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Math Background



Log-linearization =
First-order Taylor expansion
_I_

Log-approximation of deviation



First-order Taylor expansion:

Let f(x) be a continuous and differentiable function of x.

Then,

-2 (%0) (X — Xo)

f(x) =~ f(xo) -

of
Let f, denote =

(higher order terms)



Example:
f(x) = x>
f, = 3x?
Let’s take the first-order Taylor expansion around x, = 1.

f(x) =~ f(1) + £, (1)(x—1) + (h.o.t.)
—13 +3%1%(x—1) + (h.o.t.)
=1+3(x—1)+ (h.o.t.)
= —2 +3x+ (h.o.t.)
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Log-approximation of percent deviation:

(x — Xo)

X0

~ log(x) — log(xp)

Example:

(x —10)
10

~ log(x) — log(10)
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First-order Taylor expansion + Log-approximation of percent
changes:

f(x) = f(xg) + (X)X — %) + (h.o.t.)

— f(xg) + £ (g )xg O ;OXO) - (h.o.t.)

~ f(Xg) + fx(X0)Xo(log(x) — log(xy)) + (h.o.t.)

~ f(xo) + {4y (Xg)Xg X + (h.o.t.)

where X: = log(x) — log(x,).



To summarize

Log-linearization:

f(x) = f(xg) + fx(Xg)xg X + (h.o.t.)

where X: = log(x) — log(x,).



Second-order Taylor expansion:

Lit f(x) be a continuous and differentiable function of x.
Then,

() ~ (xo) + 2 (x0)(X = Xo) + 2 2 (x6) (X = Xo)?

+(h.o.t.)

of 04f :
Let f, and f,, denote — and P respectively.



Example:

f(x) = x3
f, = 3x°
fyy = 6X

Let’s take the second-order Taylor expansion around x, = 1.

f(x) =~ f(1) + (D —1) + i,  (D(x— 1)? + (h.o.t.)
=13 +3*x1°(x—1)+6*1°(x—1)*+ (h.o.t.)
=1 +3x—-1)+6(x—-1)*+ (h.o.t.)
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Combined with log-approximation of percent changes:--

f(x) = f(xg) + £ (Xg)Xg X + fux (Xg)x5 8% + (h.0.1.)

where X: = log(x) — log(xy).



Word of caution on Taylor expansion.

They are good “local” approximation, but may not be good
globally.
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End of Math Background



Recall:

= B(’StR‘CCt+1Ht+1
— NXnXc
Nt Ct

CXC < [T — 1)Ht (1+1)(1—0)—0w]

Y
= Bo¢ C>t<J£1 P(Ieyq — DIeyq

t+1

Y = C¢ + o [Ht — 1]2Yt

Y: = N¢
R; = max [E Ht i 1]
U, = S N

1—Xc 1+Xn



Loglinearize the consumption Euler equation around the
zero-inflation steady state:

Cc "Rt = B8Co iy My

LHS = f(Ct, Rt)
RHS = g(ﬁt’ Ct+1’Ht+1)



~Xc—1p—
fc = _XcCt X Rt !
— _Ct_XCRt—Z

o
|

88 = BCt__Z(fl_[_t__l_ll_l
8C —Xc B_C)éc+x1c Znt_+11
8n = _BCt+1CHt_+1

Notation: h, := g—z for any functionh and for any variable x.



LHS =~ f(css: Rss) + fC,SSCSSCt + fR,SSRSSﬁt
— f(Css: Rss) T f(css' Rss)[_XcCt] T f(CSS' Rss)[_ﬁt]
RHS = g(8ss: Css,) l_[ss) + gS,SSSSSS\t + gC,SSCSSCt+1 + gl‘[,ssnssﬁt+1

— g(Sss» Css,) l_[ss) T g(65§r Css) HSS)S\t R
+8(8gs, Css, Igs) [_XcCt+1] + 8(0ss, Css, gs) [_Ht+1]

Using f(Cg, Rgs) = g(8, Cgs, [1gs) and rearranging terms,

e e 1 — A~ P
Ci = Gy — X_ [Rt — Iy + 5t]
C



Loglinearize the intratemporal optimality condition around the
zero-inflation steady state:

Wt — N;)c(nCi(C

RHS = g(Ct' Nt)

f, =1
n c_1

gc = XN Cf
n_l C

SN — XnN')c( C')c(



LHS ~ f(wgs) + i, ssWss Wy
= f(wgs) + f(Wes) Wy

RHS =~ g(Cgs, Ngs) + gC,ssCssC\t + gN,sstsNt
= g(Css, Ngs) + 8(Cgs, Nss)[XcC\t] + g(Css, Nss)[XNNt]

Using f(wg;) = g(Cgs, Ngg) and rearranging terms,

wt — Xcé\t + XnNt



Loglinearize the optimality condition of intermediate-goods
producers around the zero-inflation steady state:

YtCt_XC [T — DIy — (1 —60)(1 + 1) — Owy]

— BYt+1Ct+1 @My — DIyq

LHS — f(Yt, Ct, Ht, Wt)
RHS = g(Yit1, Ceq1, Mig1)



ty = Ct_xc (I — DIy — (1 —6)(1 + 1) — Owy]
fo = =X YeC ™ oIl — DIy — (1 — 0)(1 + 1) — Bwy]
fn = Y. Cc *“p[200; — 1]
fw = —YC, %0
8Y = Bct+1 OITeyq — Dy
—Xc—1

8Cc = _XCBYt+1Ct+1 (P(Ht+1 _ 1)Ht+1

8 — BYt+1Ct+1 (p[2Ht+1 _ 1]



Note that [I;, = 1 and wg = (9—1)6(1+r). Thus,

fyss =0

fcss = 0 B

frss = YSSCSSXE(P
fw,ss = _YSSCSSXCe

8Y ss — 0
8Css — 0 —X
8Il,ss — BYSSCSS "



LHS ~ f(YSS' CSS’ l_[SS’ WSS) + fl'[ SSl_I%(Sﬁt + fW SSWSSWt
— f(YSS’ CSS’ l_[SS' WSS) + Y C C('pl_[SSl_[t YSSC eVVSSVvt

RHS = g(Yss: Css» l_[ss) T gl‘[,ss“_s)s(ﬁHl R
= 8(Yss, Css, [gs) + BYssCsq “@lgsIisq

(6-1)(1+7)
0

Using f(Yss, Css, Ilss, Wes) = 8(Yss, Css, Ilss), Tlgs = 1, wgg =
and rearranging terms,
YssC XC(Pl_[ssnt YssC “OwgsWi = Ys5C XC(PHssHt+1

6-1D(1+D) .
= @Il — 0 )9( O = Bllisq

PN ﬁt (60— 12p(1+’t) o~

+ Bllyq



L(ﬁlipearize the aggregate production function around the zero-
inflation steady state:

Ye = N¢

LHS = f(Y,)
RHS = g(Nyp)

fY:1
gn =1



LHS ~ f(Yss) + fY,ssYss?t
= f(Yss) + f(Yss)?t

RHS = g(Nss) + gN,sstsNt
— g(Nss) T+ g(Nss)Nt

Using f(Yss) = g(Ngs), we get



Loglinearize the aggregate resource constraint around the zero-
inflation steady state:

0
Yt —_ Ct + E [Ht — 1]2Yt

LHS = £(Y,)
RHS — g(Ct, Yt, Ht)

fY = 1, gc =1
8y = %[Ht — 1]2
gn = o[y — 1]Y;

Note that gy ¢s = g ss = 0 because Ilg5 = 1.



LHS = f(Yss) + fY,s,s\Yss?t
= f(Yss) + Yss Yy

RHS = g(css»Yss» l_[ss) T gC,S§CssCt
— g(Css»Yss' l_[ss) + CssCe

Note f(Y,) = g(Cqs, Yo, I1g). Also, Yo = C¢s because [, = 1. We obtain



Loglinearize the Taylor rule around the zero-inflation steady state:

R; = max |1, <17

B
LHS = f(R,)
RHS = g(II;)
fR =1

1 -1
gn=<l>gH§"



LHS = f(Rgs) + fR,ssRssz\t
= f(Rss) + 1 * RgsR¢
= f(Rgs) + f(Rss)ﬁt

RHS = g(nss) T gl’[ ssHssﬁt
1 ~
= g(nss) T d) Hq) Il

— g(nss) + d)gnss t
= g(Ilgs) + g(nss)q)ﬁt

R; = max [1 — %, cl)ﬁt]



So far, we have

Ct:

~ 1 N R
Ct+1 o [Rt — Ht+1 + St]
Xc

‘//\vt — XCC’C + XnNt

O-1)A+71) _

ﬁt=

Wi + Bllsq
(0
7, =R,
Yt = Ct



Eliminating W, N, and C;, we obtain

N L ¥4 15 | Q « »
Yt — Yt+1 - ; [Rt - Ht+1 + St] [ IS Curve ]

I, = (9—12‘)(1+r) (Xe + Xn)Ye+BIer1 [“Phillips Curve”]

~ |
Rt = max ll _E,(I)Ht]

~ 1 ~
R+ 17 =max[r*+ 1—E,r* +c|>l'[t]

1 1 ~
itzmaX[E—l‘Fl—E,I’*‘F(l)Ht]

iy = max[O,r* + cl)ﬁt]



Change of notation: Using

Vi = Yt' T == ﬁt’ it = /Rt + r*
N 1 1 (6-1)(1+71)
P 1, = — —

we obtain

Yt = Yt+1 — G[it — M1 — r']

T = Ky + BTeyq

ir = max[0,r* + ¢m]



Implications of the IS curve and the
Phillips curve



1. Output today depends on the sum of future real rates.

Yt = Yt+1 — olit — Teyq — 1] _
= Yt+2 — Olittq — Tegp — r*]_ — oli¢ — Teyq — 1]

— _[Yt+3 — Oligyp — Mgz — r*:] — Oligy1 — Megp — 1‘*]] —
oli¢ — Teyq — 17

= —0 Ypeolitek — Mkt — 7]

USING Yoo = Y5 = 0



2. Inflation today depends on the sum of output (which is
proportional to real wage---the marginal cost).

Ty = Kyt + BTlesq

= kYt + BlKYt+1 + BTleyo]

= kYt + BKYer1 + B [Kyern + Bt 3]
= Kyt + PKYi1 + BPKYeqp + o

= KZIO:=0 Bk Yt+k

e USING Ty = Mg = 0
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Take the second-order expansion of the household utility
around the zero-inflation steady state.

U(C, N) = Ugg + UC,ssCssCt + UN,sstsNt

1 2 a2, 1 C.N
+ E UCC,SSCSSCt T E UCN,SSCSSNSSCtNt

1 NA 1 2 N2
+ 5 UNC,sstsCssNtCt + E UNN,sstsNt



Useful stuff (I):

_ X _ —Xc—1
UN,SS — _Ntnr UCC,ss — _XcCt ‘
_ _ _ Xn—1
— O: UNC,SS — O: UNN,ss — _XnNtn
UCC,SS _ _XCCSS " = —y c=1
— —Xc — Ac“ss
UC,ss Css
Xn—1
UNN,SS _ _XnNtn — v N-1
UN < - —an - Xn SS



Useful stuff (IT): Second-order approximation of the aggregate resource
constraint.

Nt — Ct +§(Ht — 1)2Nt

RHS —_ g(Ct, Nt, Ht)

f =1, fyy=0

gc=1 gn=-(—1?% gp=oe— DN,
gcc=0, gn=0, gcnm=0

gne =0, gan =0, gnm=o@Ul;—1)

gnc =0, gnn=¢Ul—1), gnn= N,

For g, at the steady state, the only non-zero coefticient is g = 1 and g =
N (because II; = 1).



—  fnss —
LHS % fos + fi,ssNssNe + =2 N§NY
— fss + NggN¢

RHS = gss + 8¢, ssCssC\t + 8N, SSNSSN\t + 811, ssHssﬁt
[gCC ssCssCt + 8CN, ssCsstsCtNt + 8CII, SSHgSHt
+gNC sstsCssNtCt + 8NN, ssNgsNt + gNl'[ sstsHssNth
+gl’[C,ssHssCssHtCt + gl‘IN,ssHsstsHtNt
+gl‘[1’[,ss“§sﬁ%]

= 8ss T 8¢, ssCssCt + gHH ssHsstt
= 8ss T+ CssCt + = NssHt

— P

:Nt:Ct+§ﬁ%



~ — 1 ~ 1 i
Ut o Uss ~ UC,ssCssCt + UN,sstsNt + EUCC,sscgsCt2 + E UNN,ssNgsN‘?

_ ~ 1 UCC,sscgs ~2 T 1 UNN,ssNgs Ny 2
— UC,SSCSS (Ct + E U C Ct +UN,SSNSS Nt + E U N Nt
C,ss“ss N,ss!\Vss




Xc
2
_ (At . %Ctz) B (9—1)9(1+r) (Nt 4 Xn
Xc
2



- (6-e2) - D (6 4 217 4 2)

_ 8—-(6-1)(1+7)
o 0

Cy

(Xc , 0-1D)(A+D xn) p2  O-DA+D) ¢ =
(z t 0 z)ct 0 Ht

0-(0-D(+1D) = ——[H GXC+(9—1)(1+T)Xn62]
©(0-1)(1+7) t e(O-1)(1+1) T

— ——[Ht XC;XHCt] (ifr=i)



Change of notation: Using

r* =5 1, o = Kz:%(Xc'l'Xn)
we obtain
Ug—Uss
U‘;fsgc_sfg_l)(1+1) g — L [1-[2 L e+(O-D A+ D 2]
eO-1(1+D) Tt 2| e(O-1(1+1) ¢

_ 11 2 XctXn 2] . _ 1
= Zlﬂt + o Vi (if T = e—1>



1
u(re, ye) = Ayye == [Ttf + Ay ]

where
-0 -1)0+1)

M= - DA+ o

3\ = Oxc + -1+ T)Xn
T eO®-1D(1+71)

: 1
Note that, if T = L




1, ,
u(me, ye) = Ayye — 5 [t + Ayt |

1
= gl + Ay — 20y

Ao\ A\ 2
wo-aci(3) (3]
= | Tt + Ave _ZAA—AYYﬁA(A_AYY —A(A—DZ]
B _%:T[%-l_}\(Yt_}\_}i’)Z—}\(}\—}i’)z]
1-n%+}\(Yt_}\_}il>2 +%<}\—}i’>2

|
= —5[nf + A —y) ]+ (tip.)

t.1.p. stands for “terms independent of policy.”

1

2
1




With some abuse of notation, I will use “u” to denote the part of

the utility flow that 1s independent of policy going forward. That
1s,

1
u(rmy, yo) =~ [tf + Ay — y*)?]

where

<
Ii
> |



1
[ft< o—p We can show that

y >0
« Thus, if y, = 0, the output 1s too low relative to the first best.

1
Ift> o We can show that

y' <0
« Thus, if y, = 0, the output 1s too high relative to the first best.

These implications are consistent with the steady-state analysis in the
nonlinear model.



Taylor Rule Equilibrium

N Inflation Rates (TT) - Policy Rate (R) 0 QOutput ()
| 1 ]
099 099 095
0 Q05 01 015 02 0 Q05 01 015 02 0 Q05 01 015 02
o Consumption (C) -~ Real Wage (w) ng.e Adjustment Cost (Y-C)
] 1 1]
085 09 001
0 Qo5 01 015 02 0 Qo5 01 015 02 0 Qo5 01 015 02

Welfare (V)

Standard Equilibrium

1] 005 al a1s a2

=

Fig. Standard Steady States with respect to T,
where {B, 0, X, xn} = {0.995,11,1,1}

*From Slides NK_SteadyStates.
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