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NK Model is often analyzed in LQ—Linear-Quadratic—

framework.

» Easier to interpret.

» Easier to solve.



Technical takeaways from this lecture:

» Learn how to take the first-order approximation to the

equilibrium conditions.

» Learn how to take the second-order approximation to the

household’s welfare.



Substantive takeaways from this lecture (I):

» Output today depends on the expected sum of future real
rates.

» Inflation today depends on the expected discounted sum
of future marginal costs.



Substantive takeaways from this lecture (II):

» Welfare today depends on the expected discounted sum
of future per-period utility.
» Per-period utility depends on inflation and output
volatility.
» Per-period utility also depends on the level of output if

steady state is not efficient.
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Math Background



Log-linearization =

First-order Taylor expansion

+
Log-approximation of percent changes



First-order Taylor expansion:

Let f(x) be a continuous and differentiable function of x. Then,

f
f(x) =~ f(x)+ %(xo)(x — Xo) + (higher order terms)

of
Let £, denote o



Example:
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Let's take the first-order Taylor expansion around xg = 1.

f(x) =~ f(1) + f(1)(x — 1) + (h.o.t.)
=1} +3%1%(x — 1)+ (h.o.t.)
=143(x—1)+ (h.o.t.)
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Log-approximation:

(x — x0)

~ log(x) — log(x)

Example:

(x — 10)

" ~ log(x) — log(10)
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First-order Taylor expansion + Log-approximation of percent

changes:
f(x) = f(x0) + f(x0)(x — x0) + (h.o.t.)
— f(s0) + £l ;OXO) +(ho.t)
~ f(x0) + fi(x0)x0(log(x) — log(xo)) + (h.o.t.)
~ f(x0) + fi(x0)%oX + (h.o.t.)

where X := log(x) — log(xo)



To summarize

Log-linearization:

f(x) = f(x0) + f(x0)xoX + (h.o.t.)

where X := log(x) — log(xo)



Second-order Taylor expansion:

Let f(x) be a continuous and differentiable function of x. Then,

f(x) ~ f(xo)—|—%(xo)(x—xo)—l—%(xo)(x—xo)2+(h.o.t.)

Let £, and f denote % and %, respectively.



f(x) = x3
f. = 3x2
f;(x = bx

Let's take the second-order Taylor expansion around xo = 1.

f(x) = f(1) + £ (1)(x — 1) + fiu (1)(x — 1)® + (h.0.t.)
=1 4+3%1%(x — 1)+ 6% 1*(x — 1)+ (h.o.t.)
=1+4+3(x—1)+6(x —1)>+ (h.o.t.)
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Combined with log-approximation of percent changes...

f(x) = f(x0) + f(x0)X0X + fix(X0)Xe X2 + (h.o.t.)

where X := log(x) — log(xo)



Word of caution on Taylor expansion.

They are good "local” approximation, but may not

be good globally.
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End of Math Background



Recall:
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Loglinearize the consumption Euler equation around the
zero-inflation steady state:
Ct—Xth—l — BétC_XCI'I‘l

t+1 " t+1

LHS - f(Ct, Rf)
RHS = g(dﬁ Ct+17 Rt+1)



fo = —xcC R
fr = —C; °R;?

—Xep—1
85 = 5Ct+xl nt+1
—Xe—1p-1
8c = _Xcﬁctﬁ I_|t+1
—Xc—2
gn = _BCt+X1 ] P



LHS = (Css, Res) + f 55 Cos Ce + frossRss Re
= F(Cer, Res) + F(Car, Res) | xeCe | + F(Cas, Res) [~ R
RHS =2 g(0ss, Css, Mss) + &5.550ss0t + &C.55Css Ce1 + & ssMssl et
= g(0ss, Cos Mss) + &(ss, Cas, Mss)e
+ 805, Cos, Nes) [~Xe Cera ] + 8056, Cos, Mes) [~

Using f(Css, Rss) = g(0ss, Css, Mss) and rearranging terms,

N N 1 A A N
Ct - Ct+1 - [Rt - I_It-i-l + (5t]

c



Loglinearize the intratemporal optimality condition around

the zero-inflation steady state:

Wt: NtXHCtXC

RHS = g(C,, Ny)

f =1
gc = XcNtzcn Ctxc_l
En = XnNgOﬁlCtXC



Using f(wss) = g(Css, Nss) and rearranging terms,

Wy = Xcét + XnI\AIt



Loglinearize the optimality condition of intermediate-goods
producers around the zero-inflation steady state:

YiCG X [p(Me =) — (1= 0)(1+7) — Owy]
:5Yt+1 Ct:_}ic%@ (nt+1 - 1) Meia

LHS = f( Yy, G, M, we)
RHS = g(Yit1, Cey1, Mega)



fy = C XMy — 1) M — (1 — 0)(1+7) — Owy]

fe = —xYeG X (M —1) My — (1 —0)(1+7) — Owy]
fn=Y:C *p 2N, — 1]

f,, = —Y,C7 X0

8y = /BC;)icSD (Mepr — 1) Mypy
gc = —XBYer1 G o (Mg — 1) Mgy
gn = BY C;XICSO [2M:q — 1]



Note that My, = 1 and we = u Thus,

fyss =0

fcss =0

fnss = Yes C0
fwss = — Yss CX0

8Y ss = 0
8C,ss = 0
8n,ss = Byss Cs;



USing f(Yss; C557 I_lssa Wss) = g(Yss> Css; I_Iss)v I_Iss - 1,
_ (6—1)(147)

o——and rearranging terms,

WSS

YSSCSZXCSOI_Issﬁt - YssCSEXCGWSSVAVt = Ysscsgxcwnssﬁt—i-l

A 0—1)(1+7), N
<:><pﬂt — 9()057—)Wt = Bg@nt+1

A 0—-1)(1+7) . A
Sl = ()go()Wt+Bnt+1



Loglinearize the aggregate production function around the
zero-inflation steady state.

Yt:Nt

LHS = £(Y,), RHS = g(N;)

fy:].,g/\/:].



+ fY,ss Yss {\/t
+ f(Ye)Ye



Loglinearize the aggregate resource constraint around the
zero-inflation steady state:

Y: = [I_It — 1] Y:
LHS = £(Y,)
RHS - g(Ct7 Yt’7 I_It)

fy =1

gc=1

gv = 5N —1f
gn=¢[M:—1]Y;

Note that gy ss = gn,ss = 0 because g = 1.



Note f(Yss) = g(Css, Yss, Mss). Also, Yss = Cs because
M = 1. We obtain



Loglinearizing the Taylor rule around the zero-inflation
steady state:

1
R; = max [1, BI’I?]

LHS = f(R,)
RHS = g(I,)






So far, we have

XcCe 4+ xnNe
. 0—1)(1+71
= U= D g s,
77
Y, = N,
Y, =G



Eliminating w, I\Alt, and ét, we obtain

~ ~ 1 ra A n

V= Vi — — [Rt Ml + 5t] [S Curve’]

. (9-1)(1 N

M, = #(Xc + Xn) Yt + Bleya [“Phillips Curve’]

~ 1 -
Rt = max |:1 - B,¢nt:|



Change of notation: Using

we obtain

Yt =Yt+1 — O [it — Mt41 — "*]
Ty = Ky + BWt+1

iy = max [0, r* 4 ¢y



Taylor-rule equilibrium:

Ye=VYt+1— O [it — Tyl — f*]
Ty = Ky + Bﬂ-t—&-l

it:f*+¢71't



Implications of the IS curve and the
Phillips curve



» 1. Output today depends on the sum of future real rates.

Yt =VYt+1 — O [it — Tt41 — r*]
= yrt2 — o lits1 — meo — r¥]] — o [it — w1 — 1]
= [Ver3 — 0 [ity2 — T3 — r7]]

—O'[it+1 —7Tt+2—r*]—0'[l.t—ﬂ't+1 —r*]

o0

. *
=—0 E [lt+k = Mtk+1 — ft+k}
k=0

using Yoo = Yss = 0.



» 2. Inflation today depends on the sum of output (which is

proportional to real wages—marginal costs).

e = KYr + BT
= KYe + B [KYer1 + BTei2]
= Kyt + Bryes + 07 [KYera + BTeqs]
= kY + Bryes1 + BKYer2 + ..

=K Z B Verw
k=0
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Take the second-order expansion of the household utility
around the zero-inflation steady state.

U(Cta Nt) ~ Uss + UC,SSCssét + UN,sstsNt
1 A 1 A A
+ EUCC,SS C525 Ct2 + EUCN,ss Cssts CtNt

1 ~oa 1 -
+ EUNC,sstsCssNt Ct + EUNN,SSstsI\It2



Useful stuff (1):

_ —X
UC,ss - Ct C? UN,ss = _Nl%ma

UCN,ss - O» UNC,ss = 07 UNN,ss -
—xe—1

UCC,ss o _XCCSSX _ C_1

UC ss B Cs;XC TNt
Xn—1

UNN,ss o _XnNt = Nfl

UN,ss _Nicn e

_ —Xc—1
UCC,ss - _XcCt ‘ )

_XnN?n_l



Useful stuff (Il): Second-order approximation of the aggregate

resource constraint.

Nt - Ct ‘l— g(nt — 1)2Nt

LHS = f(N,)
RHS - g(Ct7 Nt7 I_It)

fnv=1 fuv=0

gc=1 gn= g(”t —1)%,  gn = (N — 1N,

gcc =0, gn=0, gen=0
gnc =0, gw =0, gvn=¢(M:—1)
gnc=0, gnv=(M:—1), gnn=pN;
For g, at the steady state, the only non-zero coefficient is

gc =1 and gnn = pNg (because Mg = 1).



fN ss Y
) 2 )2
NssNt

LHS ~ fs + fN,sstsNt + >

= fos + Nos Ny
RHS = gss + &¢.ssCss Ct + &N,ssNss N + g .ss sl

+ % |:gCC,ss C2C2 + gen.os CosNss Ce Ny + g os 1212
+ g ssNss Cos Ne Ce + g, ss N2 N2 + g, ss NssTss N1,
+ 8n¢,ssMss Cosl1: Ce 4 gniv,ssMss Nosl e N + gnn,ssngsﬁﬂ
= gss + 8C.55Cos Ce + %gﬂﬂ,ssngsﬁ%

= 8ss t+ Css€t + %Nssﬁ%



Ut - Uss ~ UC,ss Css ét + UN,sstsNt

1 A 1 -
+ EUCC,SSCESCE + EUNN,sstzsNt2

n 1UccssC2 a
=U ss Css C ~ = (2
< < il 2 UC,ss Css Ct)
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Change of notation: Using

Yt = \A/t, T .= ﬁt, it = ét‘ -+ r*
1 1 0—1
rr=——-1 o:=—, k:=—(Xc+ Xn
s Xe Xt Xe)
we obtain
Ut_ Uss
UC,ssCss

_1
Yt 5

9—(0—1)(1+7) {Wer 9xc+(9—1)(1+7)xnyz
(0 —1)(1+7) p(0-1)1+7) °F

1 Xc + Xn . 1
=-3 [wz + (pyf} (ifr=-—)



