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NK Model is often analyzed in LQ—Linear-Quadratic—

framework.

I Easier to interpret.

I Easier to solve.



Technical takeaways from this lecture:

I Learn how to take the first-order approximation to the

equilibrium conditions.

I Learn how to take the second-order approximation to the

household’s welfare.



Substantive takeaways from this lecture (I):

I Output today depends on the expected sum of future real

rates.

I Inflation today depends on the expected discounted sum

of future marginal costs.



Substantive takeaways from this lecture (II):

I Welfare today depends on the expected discounted sum

of future per-period utility.

I Per-period utility depends on inflation and output

volatility.

I Per-period utility also depends on the level of output if

steady state is not efficient.
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Math Background



Log-linearization =

First-order Taylor expansion

+

Log-approximation of percent changes



First-order Taylor expansion:

Let f(x) be a continuous and differentiable function of x. Then,

f (x) ≈ f (x0) +
∂f

∂x
(x0)(x − x0) + (higher order terms)

Let fx denote ∂f
∂x

.



Example:

f (x) = x3

fx = 3x2

Let’s take the first-order Taylor expansion around x0 = 1.

f (x) ≈ f (1) + fx(1)(x − 1) + (h.o.t.)

= 13 + 3 ∗ 12(x − 1) + (h.o.t.)

= 1 + 3(x − 1) + (h.o.t.)





Log-approximation:

(x − x0)

x0
≈ log(x)− log(x0)

Example:

(x − 10)

x0
≈ log(x)− log(10)





First-order Taylor expansion + Log-approximation of percent

changes:

f (x) ≈ f (x0) + fx(x0)(x − x0) + (h.o.t.)

= f (x0) + fx(x0)x0
(x − x0)

x0
+ (h.o.t.)

≈ f (x0) + fx(x0)x0(log(x)− log(x0)) + (h.o.t.)

≈ f (x0) + fx(x0)x0x̂ + (h.o.t.)

where x̂ := log(x)− log(x0)



To summarize

Log-linearization:

f (x) ≈ f (x0) + fx(x0)x0x̂ + (h.o.t.)

where x̂ := log(x)− log(x0)



Second-order Taylor expansion:

Let f(x) be a continuous and differentiable function of x. Then,

f (x) ≈ f (x0)+
∂f

∂x
(x0)(x−x0)+

∂2f

∂x2
(x0)(x−x0)2+(h.o.t.)

Let fx and fxx denote ∂f
∂x

and ∂2f
∂x2 , respectively.



Example:

f (x) = x3

fx = 3x2

fxx = 6x

Let’s take the second-order Taylor expansion around x0 = 1.

f (x) ≈ f (1) + fx(1)(x − 1) + fxx(1)(x − 1)2 + (h.o.t.)

= 13 + 3 ∗ 12(x − 1) + 6 ∗ 13(x − 1)2 + (h.o.t.)

= 1 + 3(x − 1) + 6(x − 1)2 + (h.o.t.)





Combined with log-approximation of percent changes...

f (x) ≈ f (x0) + fx(x0)x0x̂ + fxx(x0)x2
0 x̂

2 + (h.o.t.)

where x̂ := log(x)− log(x0)



Word of caution on Taylor expansion.

They are good ”local” approximation, but may not

be good globally.







End of Math Background



Recall:

C−χc
t = βRtC

−χc

t+1 Π−1
t+1 (1)

wt = Nχn
t Cχc

t (2)

Yt

Cχc
t

[ϕ (Πt − 1) Πt − (1− θ)(1 + τ)− θwt ] (3)

=β
Yt+1

Cχc

t+1

ϕ (Πt+1 − 1) Πt+1 (4)

Yt = Ct +
ϕ

2
[Πt − 1]2 Yt (5)

Yt = Nt (6)

Rt =
1

β
Πφπ

t (7)

Ut =
C 1−χc
t

1− χc
− N1+χn

t

1 + χn
(8)



Loglinearize the consumption Euler equation around the

zero-inflation steady state:

C−χc
t R−1

t = βδtC
−χc

t+1 Π−1
t+1

LHS = f (Ct ,Rt)

RHS = g(δt ,Ct+1,Rt+1)



fC = −χcC
−χc−1
t R−1

t

fR = −C−χc
t R−2

t

gδ = βC−χc

t+1 Π−1
t+1

gC = −χcβC
−χc−1
t+1 Π−1

t+1

gΠ = −βC−χc

t+1 Π−2
t+1



LHS ≈ f (Css ,Rss) + fC ,ssCss Ĉt + fR,ssRss R̂t

= f (Css ,Rss) + f (Css ,Rss)
[
−χc Ĉt

]
+ f (Css ,Rss)

[
−R̂t

]
RHS ≈ g(δss ,Css ,Πss) + gδ,ssδss δ̂t + gC ,ssCss Ĉt+1 + gΠ,ssΠssΠ̂t+1

= g(δss ,Css ,Πss) + g(δss ,Css ,Πss)δ̂t

+ g(δss ,Css ,Πss)
[
−χc Ĉt+1

]
+ g(δss ,Css ,Πss)

[
−Π̂t+1

]

Using f (Css ,Rss) = g(δss ,Css ,Πss) and rearranging terms,

Ĉt = Ĉt+1 −
1

χc

[
R̂t − Π̂t+1 + δ̂t

]



Loglinearize the intratemporal optimality condition around

the zero-inflation steady state:

wt = Nχn
t Cχc

t

LHS = f (wt)

RHS = g(Ct ,Nt)

fw = 1

gC = χcN
χn
t Cχc−1

t

gN = χnN
χn−1
t Cχc

t



LHS ≈ f (wss) + fw ,sswssŵt

= f (wss) + f (wss)ŵt

RHS ≈ g(Css ,Nss) + gC ,ssCssĈt + gN,ssNssN̂t

= g(Css ,Nss) + g(Css ,Nss)
[
χc Ĉt

]
+ g(Css ,Nss)

[
χNN̂t

]

Using f (wss) = g(Css ,Nss) and rearranging terms,

ŵt = χc Ĉt + χnN̂t



Loglinearize the optimality condition of intermediate-goods

producers around the zero-inflation steady state:

YtC
−χc
t [ϕ (Πt − 1) Πt − (1− θ)(1 + τ)− θwt ]

=βYt+1C
−χc

t+1 ϕ (Πt+1 − 1) Πt+1

LHS = f (Yt ,Ct ,Πt ,wt)

RHS = g(Yt+1,Ct+1,Πt+1)



fY = C−χc
t [ϕ (Πt − 1) Πt − (1− θ)(1 + τ)− θwt ]

fC = −χcYtC
−χc−1
t [ϕ (Πt − 1) Πt − (1− θ)(1 + τ)− θwt ]

fΠ = YtC
−χc
t ϕ [2Πt − 1]

fw = −YtC
−χc
t θ

gY = βC−χc

t+1 ϕ (Πt+1 − 1) Πt+1

gC = −χcβYt+1C
−χc−1
t+1 ϕ (Πt+1 − 1) Πt+1

gΠ = βYt+1C
−χc

t+1 ϕ [2Πt+1 − 1]



Note that Πss = 1 and wss = (θ−1)(1+τ)
θ

Thus,

fY ,ss = 0

fC ,ss = 0

fΠ,ss = YssC
−χc
ss ϕ

fw ,ss = −YssC
−χc
ss θ

gY ,ss = 0

gC ,ss = 0

gΠ,ss = βYssC
−χc
ss ϕ



LHS ≈ f (Yss ,Css ,Πss ,wss) + fΠ,ssΠssΠ̂t + fw ,sswss ŵt

= f (Yss ,Css ,Πss ,wss) + YssC
−χc
ss ϕΠssΠ̂t − YssC

−χc
ss θwss ŵt

RHS ≈ g(Yss ,Css ,Πss) + gΠ,ssΠssΠ̂t+1

= g(Yss ,Css ,Πss) + βYssC
−χc
ss ϕΠssΠ̂t+1

Using f (Yss ,Css ,Πss ,wss) = g(Yss ,Css ,Πss), Πss = 1,

wss = (θ−1)(1+τ)
θ

and rearranging terms,

YssC
−χc
ss ϕΠssΠ̂t − YssC

−χc
ss θwssŵt = YssC

−χc
ss ϕΠssΠ̂t+1

⇔ϕΠ̂t − θ
(θ − 1)(1 + τ)

θ
ŵt = βϕΠ̂t+1

⇔Π̂t =
(θ − 1)(1 + τ)

ϕ
ŵt + βΠ̂t+1



Loglinearize the aggregate production function around the

zero-inflation steady state.

Yt = Nt

LHS = f (Yt),RHS = g(Nt)

fY = 1, gN = 1



LHS ≈ f (Yss) + fY ,ssYssŶt

= f (Yss) + f (Yss)Ŷt

RHS ≈ g(Nss) + gN,ssNssN̂t

= g(Nss) + g(Nss)N̂t

Using f (Yss) = g(Nss), we get

Ŷt = N̂t



Loglinearize the aggregate resource constraint around the

zero-inflation steady state:

Yt = Ct +
ϕ

2
[Πt − 1]2 Yt

LHS = f (Yt)

RHS = g(Ct ,Yt ,Πt)

fY = 1

gC = 1

gY =
ϕ

2
[Πt − 1]2

gΠ = ϕ [Πt − 1]Yt

Note that gY ,ss = gΠ,ss = 0 because Πss = 1.



LHS ≈ f (Yss) + fY ,ssYssŶt

= f (Yss) + YssŶt

RHS ≈ g(Css ,Yss ,Πss) + gC ,ssCssĈt

= g(Css ,Yss ,Πss) + CssĈt

Note f (Yss) = g(Css ,Yss ,Πss). Also, Yss = Css because

Πss = 1. We obtain

Ŷt = Ĉt



Loglinearizing the Taylor rule around the zero-inflation

steady state:

Rt = max

[
1,

1

β
Πφ

t

]

LHS = f (Rt)

RHS = g(Πt)

fR = 1

gΠ = φ
1

β
Πφ−1

t



LHS ≈ f (Rss) + fR,ssRssR̂t

= f (Rss) + f (Rss)R̂t

RHS ≈ g(Πss) + gΠ,ssΠssΠ̂t

= g(Css ,Yss ,Πss) + g(Css ,Yss ,Πss)φΠ̂t

R̂t = max

[
1− 1

β
, φΠ̂t

]



So far, we have

Ĉt = Ĉt+1 −
1

χc

[
R̂t − Π̂t+1 + δ̂t

]
ŵt = χc Ĉt + χnN̂t

Π̂t =
(θ − 1)(1 + τ)

ϕ
ŵt + βΠ̂t+1

Ŷt = N̂t

Ŷt = Ĉt

R̂t = max

[
1− 1

β
, φΠ̂t

]



Eliminating ŵt , N̂t , and Ĉt , we obtain

Ŷt = Ŷt+1 −
1

χc

[
R̂t − Π̂t+1 + δ̂t

]
[“IS Curve”]

Π̂t =
(θ − 1)(1 + τ)

ϕ
(χc + χn)Ŷt + βΠ̂t+1 [“Phillips Curve”]

R̂t = max

[
1− 1

β
, φΠ̂t

]



Change of notation: Using

yt := Ŷt , πt := Π̂t , it := R̂t + r ∗

r ∗ :=
1

β
− 1, σ :=

1

χc
, κ :=

(θ − 1)(1 + τ)

ϕ
(χc + χn)

we obtain

yt = yt+1 − σ [it − πt+1 − r ∗]

πt = κyt + βπt+1

it = max [0, r ∗ + φπt ]



Taylor-rule equilibrium:

yt = yt+1 − σ [it − πt+1 − r ∗]

πt = κyt + βπt+1

it = r ∗ + φπt



Implications of the IS curve and the
Phillips curve



I 1. Output today depends on the sum of future real rates.

yt = yt+1 − σ [it − πt+1 − r∗]

= [yt+2 − σ [it+1 − πt+2 − r∗]]− σ [it − πt+1 − r∗]

= [yt+3 − σ [it+2 − πt+3 − r∗]]

− σ [it+1 − πt+2 − r∗]− σ [it − πt+1 − r∗]

...

= −σ
∞∑
k=0

[
it+k − πt+k+1 − r∗t+k

]

using y∞ = yss = 0.



I 2. Inflation today depends on the sum of output (which is

proportional to real wages—marginal costs).

πt = κyt + βπt+1

= κyt + β [κyt+1 + βπt+2]

= κyt + βκyt+1 + β2 [κyt+2 + βπt+3]

= κyt + βκyt+1 + β2κyt+2 + ...

= ...

= κ
∞∑
k=0

βkyt+k
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Take the second-order expansion of the household utility

around the zero-inflation steady state.

U(Ct ,Nt) ≈ Uss + UC ,ssCssĈt + UN,ssNssN̂t

+
1

2
UCC ,ssC

2
ssĈ

2
t +

1

2
UCN,ssCssNssĈtN̂t

+
1

2
UNC ,ssNssCssN̂tĈt +

1

2
UNN,ssN

2
ssN̂

2
t



Useful stuff (I):

UC ,ss = C−χc
t , UN,ss = −Nχn

t , UCC ,ss = −χcC
−χc−1
t ,

UCN,ss = 0, UNC ,ss = 0, UNN,ss = −χnN
χn−1
t

UCC ,ss

UC ,ss
=
−χcC

−χc−1
ss

C−χc
ss

= −χcC
−1
ss

UNN,ss

UN,ss
=
−χnN

χn−1
t

−Nχn
t

= χnN
−1
ss



Useful stuff (II): Second-order approximation of the aggregate

resource constraint.

Nt = Ct +
ϕ

2
(Πt − 1)2Nt

LHS = f (Nt)

RHS = g(Ct ,Nt ,Πt)

fN = 1, fNN = 0

gC = 1, gN =
ϕ

2
(Πt − 1)2, gΠ = ϕ(Πt − 1)Nt

gCC = 0, gCN = 0, gCΠ = 0

gNC = 0, gNN = 0, gNΠ = ϕ(Πt − 1)

gΠC = 0, gΠN = ϕ(Πt − 1), gΠΠ = ϕNt

For g , at the steady state, the only non-zero coefficient is

gC = 1 and gΠΠ = ϕNss (because Πss = 1).



LHS ≈ fss + fN,ssNssN̂t +
fN,ss

2
N2
ssN̂

2
t

= fss + NssN̂t

RHS ≈ gss + gC ,ssCss Ĉt + gN,ssNssN̂t + gΠ,ssΠssΠ̂t

+
1

2

[
gCC ,ssC

2
ss Ĉ

2
t + gCN,ssCssNss ĈtN̂t + gCΠ,ssΠ2

ssΠ̂2
t

+ gNC ,ssNssCssN̂t Ĉt + gNN,ssN
2
ssN̂

2
t + gNΠ,ssNssΠssN̂tΠ̂t

+ gΠC ,ssΠssCssΠ̂t Ĉt + gΠN,ssΠssNssΠ̂tN̂t + gΠΠ,ssΠ2
ssΠ̂2

t

]
= gss + gC ,ssCss Ĉt +

1

2
gΠΠ,ssΠ2

ssΠ̂2
t

= gss + Css Ĉt +
ϕ

2
NssΠ̂2

t

⇒ N̂t = Ĉt +
ϕ

2
Π̂2

t



Ut − Uss ≈ UC ,ssCssĈt + UN,ssNssN̂t

+
1

2
UCC ,ssC

2
ssĈ

2
t +

1

2
UNN,ssN

2
ssN̂

2
t

= UC ,ssCss

(
Ĉt +

1

2

UCC ,ssC
2
ss

UC ,ssCss
Ĉ 2
t

)
+ UN,ssNss

(
N̂t +

1

2

UNN,ssN
2
ss

UN,ssNss
N̂2

t

)
= UC ,ssCss

(
Ĉt −

1

2
χc Ĉ

2
t

)
+ UN,ssNss

(
N̂t +

1

2
χnN̂

2
t

)



Ut − Uss

UC ,ssCss
≈
(
Ĉt −

χc

2
Ĉ 2
t

)
+

UN,ssNss

UC ,ssCss

(
N̂t +

χn

2
N̂2

t

)
=
(
Ĉt −

χc

2
Ĉ 2
t

)
− wss

(
N̂t +

χn

2
N̂2

t

)
=
(
Ĉt −

χc

2
Ĉ 2
t

)
− (θ − 1)(1 + τ)

θ

(
N̂t +

χn

2
N̂2

t

)
=
(
Ĉt −

χc

2
Ĉ 2
t

)
− (θ − 1)(1 + τ)

θ

(
Ĉt +

ϕ

2
Π̂2 +

χn

2

[
Ĉt +

ϕ

2
Π̂2
])



≈
(
Ĉt −

χc

2
Ĉ 2
t

)
− (θ − 1)(1 + τ)

θ

(
Ĉt +

ϕ

2
Π̂2 +

χn

2
Ĉ 2
t

)
=
θ − (θ − 1)(1 + τ)

θ
Ĉt

−
(
χc

2
+

(θ − 1)(1 + τ)

θ

χn

2

)
Ĉ 2
t −

(θ − 1)(1 + τ)

θ

ϕ

2
Π̂2

∝ θ − (θ − 1)(1 + τ)

ϕ(θ − 1)(1 + τ)
Ĉt −

1

2

[
Π̂2 +

θχc + (θ − 1)(1 + τ)χn

ϕ(θ − 1)(1 + τ)
Ĉ 2
t

]
= −1

2

[
Π̂2 +

χc + χn

ϕ
Ĉ 2
t

]
(if τ =

1

θ − 1
)



Change of notation: Using

yt := Ŷt , πt := Π̂t , it := R̂t + r ∗

r ∗ :=
1

β
− 1, σ :=

1

χc
, κ :=

θ − 1

ϕ
(χc + χn)

we obtain

Ut − Uss

UC ,ssCss

∝ θ − (θ − 1)(1 + τ)

ϕ(θ − 1)(1 + τ)
yt −

1

2

[
π2 +

θχc + (θ − 1)(1 + τ)χn

ϕ(θ − 1)(1 + τ)
y2
t

]
= −1

2

[
π2 +

χc + χn

ϕ
y2
t

]
(if τ =

1

θ − 1
)


